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Although propagation of guided (Lamb) waves in a homogeneous 
isotropic plate has been studied extensively in the past, relatively 
few studies have been reported that deal with homogeneous anisotropic 
plate. In a recent paper Nayfeh and Chimenti [1] have reviewed the 
literature and they have presented results for dispersion of free Lamb 
waves in a homogeneous anisotropic plate. The present study is 
concerned with dispersion of free guided waves in a cross-ply 
laminated plate. Since laminated composite plates are finding usage 
in a variety of applications, there is a need to understand their 
response under dynamic loading. Of particular interest for this 
purpose is the characteristic dispersion of modes of propagation in a 
multi-layered laminated plate. This dispersion behavior influences 
the dynamic response and it can also be used to ultrasonically 
characterize the mechanical properties of the laminated plate. The 
motivation is to present a systematic study of the influence of 
layering on the dispersion behavior. 
Each lamina is assumed to be reinforced by continuous uniaxial 
fibers. Fibers in adjacent laminae are taken to be at 90° to one 
another. For wavelengths much longer than the fiber diameters, 
various previous studies [2-4] have shown that each lamina can be 
approximated as a homogeneous transversely isotropic medium with the 
symmetry axis aligned with the fiber direction. Thus we are concerned 
here with guided wave propagation in a periodically laminated plate 
when each lamina is transversely isotropic with its symmetry axis 
lying in the plane of the plate. For simplicity of analysis, we will 
assume the ply lay-ups 0°/90°/ .. /90 % ° and all the laminae to be of 
equal thickness, h. Thus the total thickness of the plate is taken to 
be H=(2n+l)h (n=1,2,···). 
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ANALYSIS OF GUIDED WAVES 
Consider a cross-ply laminated plate which is composed of 
alternate layers of continuous fiber reinforced material of equal 
thickness, h. As indicated in the above, it is assumed that fibers 
are oriented at 90° to one another in adjacent layers and that the 
configuration is symmetric in the plate. A global Cartesian 
coordinate system with origin on the mid-plane of the middle layer is 
chosen. )(-axis is chosen at 90° to the fibers in the middle layers. 
}T-axis is in the mid-plane and Z-axis perpendicular to the plane. 
Since our interest here is to systematically study the effect of 
increasing number of layers on the dispersion behaviour, it will be 
convenient to resort to a numerical technique in which the number and 
properties of the layers can be altered arbitrarily without 
substantially changing the solution procedure. The exact solution 
obtained by using transfer matrix [5J or global [6J techniques has the 
disadvantage that one has to make a search for the roots of the 
dispersion equation which becomes cumbersome with increasing number of 
layers and varying lay-ups. Also finding the complex roots 
(evanescent modes) becomes very time consuming and unreliable. For 
these reasons we have used a stiffness method in which the thickness 
variations of the displacements are approximated by quadratic 
functions in the thickness variable. The generalized coordinates in 
this representation are the displacements at the top, middle, and 
bottom of each layer. An alternative higher order polynomial 
representation was proposed in a recent paper [7J where generalized 
coordinates were the displacements and tractions at the interfaces 
between the adjacent layers. This was found to give better results at 
high frequencies. However, because both displacements and tractions 
were involved, it entailed more cumbersome algebra than the scheme 
used here. It is shown that the results agree well with exact 
solutions. 
Since we will consider waves propagating in a direction making an 
arbitrary angle with the symmetry axis of a lamina, the motion will be 
three dimensional having particle displacement components u x , u y and 
U z • In order to achieve numerical accuracy, each lamina is divided 
into several sublayers. A local coordinate system (x(k), y(k), z(k)) is 
chosen in the k-th sublayer with the origin in the mid-plane of the 
sublayer, and x(k) axis making an angle 0' with the X -axis. It will be 
assumed that the waves are propagating in a direction making angle 0' 
with the )(-axis. Using the interpolation polynomials in the 
z-direction, the displacement components in the k-th sublayer are 
approximated as, 
U = [N]{q} (1) 
where 
(2) 
(3) 
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(4) 
In equation (2) the generalized displacements ub,um,u f are taken 
at the back, middle, and front (top) nodal surfaces of the sublayer. 
Then interpolation polynomials ni are quadratic functions give by 
(5) 
when z = z(k) / h'k), h(k) being the thickness of the sublayer. 
Using Hamilton's principle the governing equation for the entire plate 
is found (for details the reader is referred to [8]) to be 
[Kd{Q}" + [K;]{Q}' - [K3]{Q} - [M]{Q} = 0 
Here [K1 ], [K3], and [M] are symmetric and [K2'] is skew symmetric. 
Primes and dots denote differentiation with respect to x and t, 
respectively. {Q} is the vector of all nodal displacements. For 
wave propagation in the x-direction {Q} is assumed of the form 
{Q} = {Qo}ei(k,,-wt) 
Substituting (6) in (5) we get the eigenvalue problem 
(6) 
(7) 
(8) 
For nontrivial solution {Qo} the determinant of the matrix formed 
by the square brackets in the above equation must be zero. This 
equation can be solved directly to find w for a k or to find k when w 
is known. This is the advantage of the method used here. No root 
search is necessary and by increasing the number of sublayers one can 
find as many modes (propagating, nonpropagating and evanescent) as are 
necessary to represent the wave field generated by sources or by 
scattering from defects. 
NUMERICAL RESULTS AND DISCUSSION 
The dispersion equation (7) is used to find the phase velocities 
for given frequencies of different modes of propagation in a 
cross-poly graphite-epoxy plate. The material of the 0° and 90° 
layers are given in Table 1. In presenting the numerical results 
we use nondimensional phase velocity and frequency, which are defined 
as 
(9) 
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where }{ is the total thickness of the plate. In all the cases 
considered the layering is taken to be symmetric, so that the 
symmetric and antisyrnmetric modes are uncoupled. The number of layers 
is varied from 3 to 35. It is found that when this number is 
sufficiently large (~ 35) the results obtained can be predicted by 
using the effective modulus theory [9,10] for several modes. This is 
illustrated in Figures 1-4. In these figures the variations of phase 
velocity with frequency for propagation in the 45 0 direction in a 
900 /00 / •• /90 0 plate with 3,11,19 and 35 layers, respectively are 
presented. It is seen that the dispersion behavior changes 
considerably with increasing number of layers when there is a small 
number of layers. However, as the number of layers becomes 
sufficiently large the change is not noticeable for the modes 
presented in this paper. Note that the results obtained by the 
present method agree well with the solutions of the exact dispersion 
equation which are obtained by using the propagator matrix method (see 
[11] for details). The solutions of this equation were obtained using 
Muller's method. The search for the roots was facilitated by using 
the eigenvalues of Eq.(7) as the initial estimates. This process was 
found to be very efficient over a wide range of wave number and 
frequency. 
Table 1 - Properties of the laminae 
(All stiffness are in units of 1011 N/m2 ) 
Layer p(g/cm3 ) Cll Cn C12 C44 C55 
0° Lamina 1.8 1.6073 0.1392 0.0644 0.0350 0.0707 
90° Lamina 1.8 1.1392 1.6073 0.0644 0.0707 0.0350 
As pointed out above, it was found that the dispersion behavior of the 
modes shown does not change after a certain number of layers (35 in 
the case considered here) . 
This suggests that the plate can be modeled as homogeneous with 
some effective moduli. In fact, this is seen from Fig.4, which shows 
the predictions of the effective moduli calculated in the manner 
presented by Postma [9] for periodic isotropic layers and generalized 
for orthotropic layers by Yeo[10]. For the cross-ply plate there are 
six independent effective elastic constants. Their expressions are: 
Thus using the particular properties given in Table 1 the effective 
moduli of the plate are: 
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Cll = 0.8732, C13 = 0.0668, C12 = 0.0644 
C33 = 0.1392, C44 = 0.0468, C66 = 0.0707 
(10) 
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Fig 1. Dispersion of guided waves propagating in a direction making 
an angle 45° with the 0° fibers when there are 3 laminae. 
-----, Sym. modes; - - -, Antisym. ; 0, X- Exact roots. 
8 
7 
>-
~ 6 
0 
~ 5 
Q) 
.. 
c 4 
.c 
a. 
-.:> 3 CD 
N 
"6 2 E 
~ 
z 
00 2 3 4 5 6 7 8 
Normalized Frequency 
Fig 2. Same as Fig.1 for 11 laminae. 
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Fig 3. Same as Fig.l for 19 laminae. 
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Fig 4. Same as Fig.l for 35 laminae. 
Although results presented here are for propagation in the 45° 
direction, the effective modulus method predicts the behavior quite 
well for propagation in other directions as well [12]. It may also be 
noted that in [13] results are presented to show that in a 35-layered 
plate this model also predicts correct scattered field due to a crack 
in the plate. 
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